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Background: Quantization of particle
transport



I One of the most intriguing aspects of quantum physics is the
quantization of possible values of certain physical observables.

I For example, the quantization of energy, linear momentum
and angular momentum.

I Response coefficients can also be quantized and this
quantization can be topologically protected. The quantum
Hall effect is a well known example of this phenomenon.



Thouless pumping: quantization of particle transport

I In 1983, Thouless proposed the idea of a topological charge
pump –the transport of a charge, described by an
adiabatically and periodically evolving Hamiltonian, was
quantized and determined by a Chern number.

I More concretely, given a gapped translation invariant family of
free fermion Hamiltonians in a 1D lattice {H(t) = H(t +T )},
then, in next to leading order of the adiabatic approximation,

〈x(T )〉 − 〈x(0)〉 ≈ a

∫

T 2

iFtk(t, k)

2π
dtdk

︸ ︷︷ ︸
topological invariant

≡ a× c1 ∈ aZ, (1)

where 〈x(t)〉 is the centre of mass position at time t and a is
the lattice constant.



I The Chern number c1 measures the twist of the
time-momentum single particle wave-functions |u(t, k)〉 of
H(t).

I In this situation what is quantized is the displacement of the
centre of mass position of the fermions.



What about quantization of work?

I Is it possible to have quantization of the work performed by a
force on a particle? In principle no, not even if the work is
performed by a periodically oscillating force.

I Even if we consider the average work, averaged over the
period of the oscillating force, the answer is still, generally, no.



I In the following, we will see how the the topological twist of
the wave-function of an atom in 1 + 1 dimensional system can
give rise to quantization of the work performed by a force felt
by the atom.

I This effect is at the boundary between classical and quantum
physics: the twist of the wave-function is felt in the classical
motion of the atom.
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Model for the internal levels

I Consider an atom where the groundstate energy level is
characterized by total angular momentum F = 1. Internal
states |0〉 = |mF = 0〉, |1〉 = |mF = +1〉, |2〉 = |mF = −1〉.

I In the presence of an external magnetic field the magnetic
sublevels split.



I If the atom is subjected to two counter-propagating circularly
polarized electromagnetic waves of frequency ω, the internal
dof’s can be described by the dressed-atom Hamiltonian in
the RWA:

M(x , t) = δ(t) (|1〉〈1| − |2〉〈2|) + Ω(x , t)|0〉〈1|
+ Ω∗(x , t)|0〉〈2|+ H.c.

I The detuning δ(t) = ∆E(t) − ~ω = γ + ν cos(ω̃t) is oscillating in
time due to periodic modulation of the magnetic field.

I The Rabi frequency depends periodically on time and space

Ω(x , t) = α1(t)e ikx + α2(t)e−ikx ,

with α1(t) = (α/2) cos(ω̃t − π/4) and α2(t) = (α/2) cos(ω̃t + π/4)

describing the periodic modulation of the dipole matrix
element.



I With these ingredients, the final dressed-atom Hamiltonian
reads

M(t, x) =
∑

µ

Bµ(t, x)Jµ,

where J3 = |1〉〈1| − |2〉〈2|, J1 − iJ2 =
√

2(|0〉〈1|+ |2〉〈0|), and

B1(x , t) = α cos(kx) cos(ω̃t),

B2(x , t) = α sin(kx) sin(ω̃t),

B3(x , t) = γ + ν cos(ω̃t).

I Denote B = (B1,B2,B3). Space-time periodicity: T = 2π/ω̃
and λ = 2π/k ⇒ space-time torus T 2.



I There are three dressed-state bundles, described locally by
dressed-states |ηi (t, x)〉, with energies +|B|, 0,−|B|.

Figure: Dressed-state energy spectrum for γ = 0.5, α = ν = 1.



Results

I Effective dynamics at the quantum level: Schrödinger equation
coupled to external synthetic gauge field. (gap assumption)

I Berry curvature is the synthetic electric field force:

E (t, x) =
∂A1

∂t
− ∂A0

∂x
= −~B ·

(
∂B
∂t × ∂B

∂x

)

|B|3 . (2)

I The work performed by this field on one lattice translation,
averaged over a period of time, is

1

T

∫ T

0

∫ λ

0
E (t, x)dtdx =

2π~
T
× c1 = ~ω̃ × c1 ∈ ~ω̃Z. (3)

I The average work is quantized in units of the driving
frequency and is topologically protected!



I If we prepare a state on the positive energy dressed state,
strongly localized in position, then the dynamics of the
position of the atom are approximately described by

m
d2x

dt2
(t) = E (t, x(t))− ∂Veff

∂x
(t, x(t)). (4)

with

Veff =
~2

2m
g11(t, x)

︸ ︷︷ ︸
quantum metric

+ ε1(t, x)︸ ︷︷ ︸
dressed state band energy

. (5)

I Then we can extract the synthetic force from the acceleration
of the trajectories corresponding to preparing the states
localized on different positions, at different instants of time.



Experimental proposal

I We now describe the proposal for experimental demonstration
of the quantization of the average work performed by E (t, x).
We set γ = 0.5 and α = ν = 1 (also ~ = 1 and m = 1). The
Chern number is 4.



I The figure shows the acceleration profile in a space-time unit
cell obtained by integration of the classical equations of
motion.

I For each initial condition, the resulting classical trajectory
allows one to calculate the acceleration by differentiation of
the trajectory w.r.t. time twice.



I The very same profile is obtained by plotting the total force
acting on the atom (right figure).



I Here we present the contribution from E (t, x) over a single
space-time cell which results in a quantized value of work.



I The same contribution can be obtained by estimating the
integral with the help of the points presented in the top left
panel. In the latter case, one has to subtract the other
contributions to the total force which are known from theory.



Comparison Table

hhhhhhhhhhhhhhhProperty
Top. effect

Work quantization Thouless pumping

Parameter space topologi-
cally a torus T 2

Space-time Bloch momenta and time

Gapped Hamiltonian M(t, x) =
∑3

µ=1B
µ(t, x)Jµ H(t, k) =

∑3
µ=1 d

µ(t, k)σµ (in
the simplest scenario of a two-
band system)

Wave-functions (sections) Dressed states |η(t, x)〉 Bloch states |u(t, k)〉

Gauge field −iA(t, x)/~ = 〈η(t, x)|d|η(t, x)〉
acts as an effective external field

A(t, k) = 〈u(t, k)|d|u(t, k)〉 man-
ifests through coupling to an ex-
ternal field

Field strength F (t, x) = dA F (t, k) = dA

1st Chern number Average work performed by
E(t, x) on the unit cell of space-
time lattice

Shift of the center of mass of a
system xcm = 〈x〉 in one period
of driving

Figure: Comparison between charge pumping and quantization of work.
The σµ’s denote the usual Pauli matrices.
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